Transformer oil-based nanofluids with conductive nanoparticle suspensions defy conventional wisdom as past experimental work showed that such nanofluids have substantially higher positive voltage breakdown levels with slower positive streamer velocities than that of pure transformer oil. This paradoxical superior electrical breakdown performance compared to that of pure oil is due to the electron charging of the nanoparticles to convert fast electrons from field ionization to slow negatively charged nanoparticle charge carriers with effective mobility reduction by a factor of about 1 ϫ 10 5 . The charging dynamics of a nanoparticle in transformer oil with both infinite and finite conductivities shows that this electron trapping is the cause of the decrease in positive streamer velocity, resulting in higher electrical breakdown strength. Analysis derives the electric field in the vicinity of the nanoparticles, electron trajectories on electric field lines that charge nanoparticles, and expressions for the charging characteristics of the nanoparticles as a function of time and dielectric permittivity and conductivity of nanoparticles and the surrounding transformer oil. This charged nanoparticle model is used with a comprehensive electrodynamic analysis for the charge generation, recombination, and transport of positive and negative ions, electrons, and charged nanoparticles between a positive high voltage sharp needle electrode and a large spherical ground electrode. Case studies show that transformer oil molecular ionization without nanoparticles cause an electric field and space charge wave to propagate between electrodes, generating heat that can cause transformer oil to vaporize, creating the positive streamer. With nanoparticles as electron scavengers, the speed of the streamer is reduced, offering improved high voltage equipment performance and reliability.
I. INTRODUCTION
The widespread use of transformer oil for high voltage insulation and power apparatus cooling has led to extensive research work aimed at enhancing both its dielectric and thermal characteristics. A particularly innovative example of such work is the development of dielectric nanofluids ͑NFs͒. These materials are manufactured by adding nanoparticle suspensions to transformer oil, with the aim of enhancing some of the oil's insulating and thermal characteristics. Researchers have investigated transformer oil-based NFs using magnetite nanoparticles from ferrofluids. [1] [2] [3] [4] [5] [6] [7] The research showed that a transformer oil-based magnetic NF could be used to enhance the cooling of a power transformer's core.
Electrical breakdown testing of magnetite NF found that for positive streamers the breakdown voltage of the NFs was almost twice that of the base oils during lightning impulse tests. 2 The lightning impulse withstand results obtained by Segal et al. of increased transformer oil breakdown strength with the addition of conducting nanoparticles for two common transformer oils ͑i.e., Univolt 60 and Nytro 10X͒ and their associated NFs are summarized in Table I . Also, the propagation velocity of positive streamers was reduced by the presence of nanoparticles, by as much as 46% for Univolt-colloid nanofluid. The results are significant because a slower streamer requires more time to traverse the gap between electrodes to cause breakdown. This allows more time for the applied impulse voltage to be extinguished. These results are very important in that it indicates that the presence of the magnetite nanoparticles in the oil samples inhibits the processes, which leads to electrical breakdown. The results found by Segal et al. are in direct conflict with conventional wisdom and experience regarding the breakdown of dielectric liquids, where the presence of conducting particulate matter in a dielectric liquid is expected to decrease the breakdown strength.
A comprehensive electrodynamic analysis of the processes that take place in electrically stressed transformer oilbased nanofluids is presented. The results demonstrate that conductive nanoparticles act as electron scavengers in electrically stressed transformer oil-based NFs, converting fast electrons to slow negatively charged nanoparticles. [8] [9] [10] Due to the low mobility of these nanoparticles, the development of a net space charge zone at the streamer tip is hindered, a͒ suppressing the propagating electric field wave that is needed to drive electric field dependent molecular ionization and ultimately streamer propagation further into the liquid. A general expression for the charging dynamics of a nanoparticle in transformer oil with finite conductivity is derived to show that the trapping of fast electrons onto slow nanoparticles is the cause of the decrease in the positive streamer velocity. This explains the paradoxical fact that NFs manufactured from conductive nanoparticles have superior positive electrical breakdown performance to that of pure oil.
An electrodynamic model is presented for streamer formation in transformer oil-based NFs based on Gauss' law and the charge generation, recombination, and transport continuity equations for each charge carrier. The model is analyzed numerically via the finite element simulation package COMSOL MULTIPHYSICS. 11 A thorough study into the effect of nanoparticles of varying materials and properties on streamer propagation is investigated. It is shown that with increased nanoparticle conductivity, the greater the influence on retarding streamer propagation. This study builds upon earlier work that showed that transformer oil stressed by a positively charged electrode leads to field ionization of oil molecules into slow positive ions and fast electrons. [8] [9] [10] The fast electrons cause a propagating electric field wave that is the dominant mechanism in streamer propagation, leading to electrical breakdown. Conducting nanoparticle suspensions act as electron scavengers, converting fast electrons to much slower negatively charged particles.
Experimental evidence for transformer oil showed that positive streamers emanating from the positive electrode tend to initiate at lower applied voltages and propagate faster and further than negative streamers. 2, 12, 13 As a result, positive streamers constitute a greater risk to oil insulated high voltage electrical equipment than do negative streamers and are the focus of this work.
II. CHARGE RELAXATION TIME
To understand why a transformer oil-based NF exhibits differing electrical breakdown characteristics to that of pure oil, it is necessary to understand how the presence of the nanoparticles in the oil modifies the fundamental electrodynamic processes. The charge relaxation time constant of the nanoparticle material has a major bearing on the extent to which the electrodynamic processes in the liquid are modified. If the nanoparticles' charge relaxation time constant is short relative to the time scales of interest for streamer growth, their presence in the oil will significantly modify the electrodynamics. If, on the other hand, the nanoparticles' relaxation time constant is long relative to the time scales of interest for streamer growth, their presence will have little effect on the electrodynamics.
In order to calculate a general expression for the relaxation time constant of a nanoparticle of arbitrary material in the transformer oil consider Fig. 1 . The spherical nanoparticle of an arbitrary material has radius R, permittivity ⑀ 2 , and conductivity 2 and is surrounded by transformer oil with conductivity of 1 =1ϫ 10 −12 S / m and permittivity of ⑀ 1 = 2.2⑀ 0 , where ⑀ 0 = 8.854ϫ 10 −12 F / m is the permittivity of free space. At time t =0 + , a z-directed electric field E ជ = E 0 i ជ z is switched on at r → ϱ. The presence of the nanoparticle causes the electric field distribution in the oil near the nanoparticle to deviate from the applied z-directed field. The electric field distribution in the oil is calculated by using the separation of variables method to solve Laplace's equation ͑i.e., ٌ 2 V =0, E ជ =−ٌV͒ where a negligible space charge density is assumed. The time dependent radial and polar components of the electric field in the oil outside the nanoparticle are 8, 14, 15 
ͪͬͮcos, ͑1͒ 
Nanoparticle of an arbitrary material with a radius R, permittivity ⑀ 2 , and conductivity 2 , surrounded by transformer oil with a permittivity of ⑀ 1 and conductivity 1 stressed by a uniform z-directed electric field turned on at t =0.
where the charge relaxation time constant r for the transformer oil/nanoparticle system is
and
Consider now the magnetite ͑Fe 3 O 4 ͒ NF studied by researchers in Refs. 1-7 where 2 =1ϫ 10 4 S / m at room temperature 16 and ⑀ 2 Ϸ 80⑀ 0 , 17 as summarized in Table II with several other materials. The relaxation time constant of the magnetite in transformer oil is r͑Fe 3 O 4 ͒ = 7.47ϫ 10 −14 s. As this shows, the relaxation time constant for magnetite nanoparticles in transformer oil is extremely short. Relative to the nanosecond to microsecond timescales involved in streamer propagation, this small relaxation time constant is essentially instantaneous so that the addition of magnetite nanoparticles to the transformer oil will dramatically affect the electrodynamics during streamer development. The relaxation time constant is analogous to the time constant of an RC circuit that describes the charging rate of a capacitor ͑nanoparticle͒ when the source ͑free electrons at r → ϱ͒ is turned on at t = 0. Therefore, the small relaxation time constant for magnetite nanoparticles effectively means that the surface charging due to the injected electrons can be considered to be instantaneous. Furthermore, for a NF manufactured using magnetite, the extremely short relaxation time constant means that the electric field lines tend to converge upon the relaxed nanoparticles as if they were perfect conductors.
As a comparison to the NF manufactured with magnetite nanoparticles, other common nanoparticles, such as ZnO and 
III. MODELING THE CHARGING DYNAMICS OF A NANOPARTICLE
To model the electrodynamics within an electrically stressed transformer oil-based NF it is first necessary to model the charging of the nanoparticles in oil. This model parallels the Whipple-Chalmers model used for the modeling of rain drop charging in thunderstorms, taking the flow velocity of oil to be zero. 14, 15, 19 Consider the situation shown in Fig. 2 for a perfectly conducting nanoparticle ͑i.e., 2 → ϱ͒. A uniform z-directed electric field E 0 i ជ z is switched on at t = 0, and a uniform electron charge density e with electron mobility e is injected into the system from r → ϱ. The injected electrons travel along the electric field lines and approach the nanoparticle where the radial electric field is positive, 0 Ͻ Ͻ / 2, as shown in Fig. 2 . The electric field lines will terminate at the bottom side with a negative surface charge and emanate from the top side with a positive surface charge on the particle, as shown in Figs. 2͑a͒-2͑c͒. The electrons in the transformer oil near a nanoparticle will move opposite to the direction of the field lines and become deposited on the nanoparticle where the surface charge is positive. The rate at which a nanoparticle captures electrons is strongly dependent on its charge relaxation time constant such that nanoparticles with a short relaxation time constant quickly capture free electrons.
The charging dynamics for a perfectly conducting nanoparticle ͑ 2 → ϱ͒ is examined first. Afterward, the analysis is generalized to finitely conducting nanoparticles to model nanoparticles manufactured from real materials.
A. Perfectly conducting nanoparticle
At t =0 + , a nanoparticle with infinite conductivity is perfectly polarized and the radial electric field is initially positive everywhere on the upper hemisphere defined by =0 to / 2, as shown in Fig. 2͑a͒ , corresponding to positive surface charge density s = ⑀ 1 E r ͑r = R , ͒. Therefore, the electrons can be initially deposited on the nanoparticle at all points on the upper hemispherical surface. Once the electrons deposit on the nanoparticle, they redistribute themselves uniformly on the equipotential surface so that the total negative charge on the nanoparticle increases from zero with time. This charging ͑Color online͒ Electric field lines for various times after a uniform z-directed electric field is turned on at t = 0 around a perfectly conducting spherical nanoparticle of radius R surrounded by transformer oil with permittivity ⑀ 1 , conductivity 1 , and free electrons with uniform charge density e and mobility e . The thick electric field lines terminate on the particle at r = R and = c , where E r ͑r = R͒ = 0 and separate field lines that terminate on the nanoparticle from field lines that go around the particle. The cylindrical radius R a ͑t͒ of Eq. ͑27͒ of the separation field line at z → +ϱ defines the charging current I͑t͒ in Eq. ͑29͒. The cylindrical radius R b ͑t͒ of Eq. ͑28͒ defines the separation field line at z → −ϱ. The dominant charge carrier in charging the nanoparticles are electrons because of their much higher mobilities than positive and negative ions. The conductivity of transformer oil, 1 Ϸ 1 ϫ 10 −12 S / m, is much less than the effective conductivity of the electrons, e Ϸ − e e Ϸ 1 ϫ 10 −1 S / m. The electrons charge each nanoparticle to saturation, Q s =−12⑀ 1 E 0 R 2 as given in Eq. ͑8͒ with time constant pc =4⑀ 1 / ͉͑ e ͉ e ͒ given in Eq. ͑12͒. The electric field lines in this figure were plotted using MATHEMATICA StreamPlot ͑Ref. 18͒. ͑a͒ t
and 2͑c͒, until a point is reached when no portion of the particle's surface has a positive radial electric field component, as shown in Fig. 2͑d͒ . In this situation, the nanoparticle is said to be charge saturated as no additional negative charge can flow onto the sphere. The solution for the electric field outside the perfectly conducting ͑i.e., 2 → ϱ, ⌺ c =1, r =0͒ spherical nanoparticle is the superposition of the solutions of Eqs. ͑1͒ and ͑2͒ plus the radial field component caused by the already deposited electrons with net charge Q͑t͒ where Q͑t͒ ഛ 0,
͑6͒
Electrons can only be deposited on the nanoparticle where the radial component of the electric field on the nanoparticle surface is positive ͓i.e., E r ͑r = R͒ ജ 0͔. This gives a window for electron charging over a range of angles determined by
Since the magnitude of cos cannot be greater than 1, the electron saturation charge for the nanoparticle is
When the nanoparticle charges to this saturation value, the radial component of the electric field at every point on the particle's surface will be negative and so no more electrons can be deposited on the particle. The critical angle c , where the radial component of the electric field at r = R is zero, is defined as when Eq. ͑7͒ is an equality 
͑10͒
where e Ͻ 0 and e Ͼ 0. The total nanoparticle charging current is
where the time constant for nanoparticle charging pc is
The charging dynamics of the perfectly conducting nanoparticle can be found by time integrating the nanoparticle charging current equation given by Eq. ͑11͒. Therefore, the charge on a perfectly conductive nanoparticle by electron scavenging is
where the initial condition is Q͑t =0͒ =0. For the purposes of evaluating the values of Q s and pc , the following additional parameter values are used:e = 1.6 ϫ 10 −19 C, E 0 =1ϫ 10 8 V / m, ⑀ 1 = 2.2⑀ 0 , and R =5ϫ 10 −9 m. These values are reasonable estimates for the parameter values at the tip of a streamer in a transformer oil-based NF. 9 The values for Q s and pc found by using these parameters are −1.836ϫ 10 −18 C ͑Ϸ11 electrons͒ and 7.79ϫ 10 −10 s, respectively. The charging dynamics plotted in Fig. 3 illustrates that the perfectly conducting nanoparticle initially captures charge rapidly; however, as time increases the particle charging rate decreases until the particle's charge saturates at Q s . These features are due to the reduction in the charge capture window. As the particle captures electrons, the repulsion increases between the negatively charged nanoparticles and the mobile free electrons in the surrounding oil.
Free charge carriers in the NF will tend to move along the electric field lines that converge on the relaxed nanoparticle, depositing negative charge at the top surface and positive charge at the bottom surface of the particle in Fig. 2 . Because electron mobility is much higher than positive ion mobility, the nanoparticles trap electrons at a much faster rate than positive ions, meaning that the nanoparticles effectively become slow negative ions. The mobility of such a 
B. Finitely conducting nanoparticle
In expanding the analysis to finitely conducting nanoparticles, it cannot be assumed that at t =0 + the nanoparticle is perfectly relaxed as with 2 not equal to infinity the surface charge distribution at t =0 + on the nanoparticle is zero. Therefore, there will be some finite time to surface charge the nanoparticles, which is dependent on the particle and fluid conductivities and permittivities, in which the nanoparticle relaxes and polarizes to the applied electric field such that in the steady state the field lines terminate and radially emanate perpendicular to its surface.
Negative charge deposition on a particle takes place where the radial component of the electric field distribution on the particle surface is positive. Initially, when the particle is uncharged, the radial electric field on the particle is positive for 0 Ͻ Ͻ / 2. However, once charge deposition occurs, this situation changes and the area of the particle's surface with a positive radial field component decreases, ultimately going to zero when the particle becomes fully charged and Q = Q s . As charging occurs, the section of the surface that can accept charge is defined by the polar angle . The critical angle, c , demarcates the boundary position where the radial electric field is zero. For 0 Ͻ Ͻ c , the radial electric field is positive, while for c Ͻ Ͻ , the radial electric field is negative. For the perfectly conducting case illustrated in Fig. 2 , at time t =0 + , negative charge can be deposited at all points from =0 to / 2, where c = / 2. As negative charge is deposited, the critical angle c decreases, which reduces the cylindrical radius of the charge collection window at z → +ϱ, R a ͑t͒, and increases the cylindrical radius at z → −ϱ, R b ͑t͒. Also, c → 0 as t → ϱ, at which point the particle is fully charged and the radial electric field component is negative at every point on the particle's surface preventing any further electron charging of the nanoparticle.
To develop an expression for the charging dynamics of a particle of arbitrary material in transformer oil, the effect of the deposited charge on the electric field distribution outside the nanoparticle, r Ͼ R, must be accounted for. The deposited charge does not affect the electric field polar component Eq. ͑2͒; however, it adds a point chargelike component to the radial component of the electric field of Eq. ͑1͒ that modifies it as
͑16͒
As the relaxation time is nonzero, the charging angle has a stronger dependency on time compared to Eqs. ͑7͒-͑9͒. Once again, electrons are deposited on the nanoparticle where E r ͑r = R , ͒ ജ 0 and the window for electron charging over a range of angles can be determined. The critical angle, c , occurs exactly at E r ͑r = R , ͒ = 0 and is
where Q s is the nanoparticle's electron saturation charge of Eq. ͑8͒ and
ͪͬ. ͑18͒
The current density charging the nanoparticle for 0 Ͻ Ͻ c is
and the nanoparticle charging rate is thus
͑20͒
where Q s , pc , and A͑t͒ are given in Eqs. ͑8͒, ͑12͒, and ͑18͒, respectively. Note that for a perfectly conducting particle, 2 → ϱ, ⌺ c =1, r → 0, and A͑t͒ = 3. Then, Eq. ͑20͒ reduces to Eq. ͑11͒.
C. Electric field lines
Analysis is also facilitated through the use of a vector potential A ជ for the electric field when the electric field due to the space charge density is small compared to the electric field due to the applied voltage such that ٌ · E ជ Ϸ 0. Then, with no dependence on the angle , the vector potential A ជ = A ͑r , ͒i ជ and the electric field are related as
From Eqs. ͑15͒ and ͑16͒ with Eq. ͑21͒, the vector potential is
͑22͒
Electric field lines are everywhere tangent to the electric field and related to the vector potential in Eq. ͑21͒ as
After cross multiplication and reduction, the electric field lines are lines of constant r sin A ͑r , ͒ because
where the constant for a given electric field line is found by specifying one ͑r , ͒ value of a point that the field line goes through.
Perfectly conducting nanoparticle
A perfectly conducting nanoparticle has r = 0 so that e −t/ r =0, ⌺ c = 1, and A͑t͒ = 3. The field lines are obtained from Eq. ͑22͒ as
The separation field line that demarcates the region where electrons charge a nanoparticle is shown by the thicker field line in Fig. 2 and terminates on the nanoparticle at r = R, = c where c is given in Eq. ͑9͒. This field line obeys the equation
Evaluating Eq. ͑25͒ at r → ϱ, → 0 and equating it to Eq. ͑26͒ gives the cylindrical radius R a ͑t͒ of the electron charging demarcation field line of the upper hemisphere. The cylindrical radius is
where Eq. ͑13͒ is used and R a ͑t͒ decreases with time as the particle charges up. Similarly, there is a separation field line that passes through ͑r = R, = c ͒ but terminates in the lower region at r → ϱ, → with cylindrical radius
͑28͒
which separates field lines that terminate on the spherical nanoparticle for c Ͻ Ͻ from field lines that go around the nanoparticle. The combined separation field line that passes through ͑r = R, = c ͒ and r → ϱ and =0 or are drawn as thicker lines in Fig. 2 .
The total current at r → ϱ passing through the area R a 2 ͑t͒ is the total current incident onto the nanoparticle
which matches the right-hand side of Eq. ͑11͒.
Finitely conducting nanoparticle
Similarly, the electric field lines for a finitely conducting nanoparticle are described by Eq. ͑30͒, which is also obtained from Eq. ͑22͒,
The separation field line, which divides the field lines terminating on the nanoparticle from those going around the nanoparticles, terminates at r = R, = c , where c is given in Eq. ͑17͒ and is defined by
At r → ϱ, → 0, this demarcation field line has a cylindrical radius of
As was performed in Eq. ͑28͒, we evaluate Eq. ͑30͒ at r → ϱ, → to find the separation field line that passes through ͑r = R, = c ͒ from below with cylindrical radius at z → −ϱ of
As a check, note that for a perfect conductor A͑t͒ = 3 so that Eq. ͑32͒ reduces to Eq. ͑27͒ and Eq. ͑33͒ reduces to Eq. ͑28͒. Note that at t =0, Q͑t =0͒ = 0 and 
so that
If ⑀ 2 → ϱ, Eq. ͑35͒ reduces to R a ͑t =0͒ = ͱ 3R, which is the same as for a perfectly conducting nanoparticle.
which matches the right-hand side of Eq. ͑20͒.
D. Evaluating nanoparticle charging
The solution to Eq. ͑20͒, which gives the temporal dynamics of the charge trapped on a nanoparticle in transformer oil, is not easily solved for analytically. As such, the symbolic solver from the software MATHEMATICA 20 was used to obtain the solution. A closed form solution for Q͑t͒ does exist; however, its form is exceptionally long and complicated with numerous hypergeometric functions with complex number arguments. These factors mean that it is not possible to develop an intuitive feel for the time dependent charging dynamics. Surprisingly, by replacing general variables with numerical values ͑e.g., ⑀ 1 = 2. The charging dynamics of particles manufactured using materials with a range of electrical characteristics can be explored using the general solution for Q͑t͒. A number of interesting insights into the charging dynamics of particles in transformer oil can be gained from analyzing Q͑t͒ for several values of nanoparticle permittivity and conductivity. For example, in Fig. 5 three particle conductivity values ͑ 2 = 0.01, 0.1, 1 S / m͒ and permittivity values ͑⑀ 2 = ⑀ 0 , 10⑀ 0 , 100⑀ 0 ͒ are examined, nine cases in all. The three conductivity values are chosen to highlight the large change in nanoparticle charging dynamics for a relatively small change in conductivity ͓i.e., poor insulator ͑ 2 = 0.01 S / m͒ to a poor conductor ͑ 2 =1 S/ m͔͒. The three permittivity values were chosen as most materials, such as those in Table II , have permittivities that range between ⑀ 0 and 100⑀ 0 . Note, the values used for E 0 , e , e , R, ⑀ 1 , and 1 in Fig. 5 were the same as given in Sec. III A, just after Eq. ͑13͒.
The most striking feature of the results in Fig. 5 is the fact that there appears to be an upper limit to the rate at which a particle in transformer oil will charge. This limit appears to be linked to the particle's conductivity, with the upper limit being the perfect conductor case. A second interesting feature is that the particle charging dynamics appear to be less sensitive to variations in the particle permittivity. Interestingly, the insensitivity to variations in permittivity is particularly evident for particles whose conductivity is greater than 1 S / m.
For less conductive particles, the initial charging rate is higher for particles with higher permittivity. This behavior is particularly obvious in Figs. 5͑a͒ and 6 , where the charging dynamics of a particle with a conductivity of 0.01 S / m is plotted. The explanation for this behavior is that at early times high permittivity particles will direct field lines to the particle, much like a good conducting particle, which will cause it to charge up quickly. However, from Eq. ͑3͒ it is likely that the charging rate of a higher permittivity particle would be lower than that of a low permittivity particle because a particle with a higher permittivity will have a longer relaxation time r for any given value of conductivity. Investigating the charging rate solution Q͑t͒ for a given conductivity value, a particle of higher permittivity will have a faster initial charging rate; however, particles of lower permittivity will ultimately charge to saturation faster. This behavior is illustrated in Fig. 6 , where the charging dynamics of a particle in transformer oil with a conductivity of 0.01 S / m are plotted as a function of permittivity over a significantly longer timescale than in Fig. 5 . Here, the particle with a permittivity of 100⑀ 0 clearly has the fastest initial charging rate; however, after about 20 ns the particle which is charging fastest is the one with a permittivity of 1⑀ 0 .
When considering particle charging in the context of streamer propagation in a transformer oil-based NF, the particle charging dynamics over long time scales becomes less important. If nanoparticle charging is to have an impact upon streamer propagation, it must modify the positive ionelectron separation process in the ionization zone, which has a very short time scale. To assess the efficiency of the nanoparticles trapping capability to impact the electrodynamics in the high field ionization zone of the streamer tip, an estimation of ion-electron separation is determined using representative values of streamers. In the case of transformer oil, an electric field level of E 0 =1ϫ 10 8 V / m and a length of d =10 m are typical for the ionization zone, while an electron mobility of e =1ϫ 10 −4 m 2 V −1 s −1 is appropriate. Consequently, the electron velocity in the ionization zone is approximately v e =− e E 0 =−1ϫ 10 4 m / s and the corresponding time required to sweep the electrons out of the ionization zone is t e = d / ͉v e ͉ =1ϫ 10 −9 s. This approximation of the sweep-out time is important as it indicates how fast the charging rate of the nanoparticles must be in order to impact the electrodynamics involved in the development of an electric field wave in a transformer oil-based nanofluid.
The charging dynamics of highly conductive particles ͑i.e., those with a conductivity greater than 1 S / m͒ plotted in Fig. 5͑c͒ indicates that during the electron sweep-out time t e a nanoparticle in the ionization zone can capture approximately Q͑t = t e ͒Ϸ1 ϫ 10 −18 C or 6 electrons. Therefore, the charging rate of conductive nanoparticles in transformer oil is enough to ensure the capture or trapping of six free electrons per nanoparticle in the ionization zone. This result is significant as it indicates that conductive nanoparticles, such as magnetite particles, which have been used to manufacture transformer oil-based NFs, [1] [2] [3] [4] [5] [6] [7] can indeed capture free charge carriers at a rate that is sufficient to result in the modification of the electrodynamic processes responsible for the development of streamers in transformer oil-based NFs.
IV. MODEL OF STREAMER PROPAGATION IN TRANSFORMER OIL-BASED NANOFLUIDS
O'Sullivan et al. showed that electric field dependent molecular ionization is the key mechanism for positive streamer development in transformer oil. 8, 9 By ionizing oil molecules into slow positive ions and fast electrons, an area of net positive space charge quickly develops because the highly mobile electrons are swept away to the positive electrode from the ionization zone leaving behind the low mobility positive ions. The net homocharge modifies the electric field distribution in the oil such that the electric field at the positive electrode decreases, while the electric field ahead of the positive charge in the oil increases. The new field distribution leads to ionization occurring further away from the positive electrode, which, in turn, causes further modification of the electric field distribution. The ultimate result of these electrodynamic processes is the development of an ionizing electric field wave, which is a moving dissipative source that raises the temperature to vaporize transformer oil and create a gas phase. This oil vaporization leads to the formation of the low density streamer channel in transformer oil.
Streamer propagation in a transformer oil-based NF is still dependent on field ionization in the same manner as it is in pure oil. However, the dynamics that takes place in the NF subsequent to this differs from that in pure oil, depending on the nanoparticle material's characteristics that determine the rate of nanoparticle charging. For a NF manufactured using magnetite, the extremely short charging time of the nanoparticles, as shown by the analysis in Sec. III, indicates that they are excellent electron trapping particles. Therefore, many of the mobile electrons produced by ionization are trapped before they can be swept away from the ionization zone. This alters the electrodynamics involved in the development of an electric field wave in the NF such that they are significantly slower from those in pure oil.
A. Governing equations
The governing equations that contain the physics to model streamer development are based on the drift dominated charge continuity equations ͑38͒-͑41͒ for positive ion ͑ p ͒, negative ion ͑ n ͒, electron ͑ e ͒, and charged nanoparticle ͑ np ͒ densities which are coupled to Gauss' law equation ͑37͒ and include the thermal diffusion equation ͑42͒ to model temperature rise in oil. The negative ion, electron, and charged nanoparticle densities are negative quantities 
As a check of correctness of signs in Eqs. ͑38͒-͑41͒, conservation of charge requires that the sum of the right-hand sides of Eqs. ͑38͒-͑41͒ must be zero. The H͑x͒ function in Eqs. ͑40͒ and ͑41͒ is the unit step defined as and charged nanoparticles ͑1 ϫ 10 −9 m 2 V −1 s −1 ͒ from Eq. ͑14͒. The electrodynamics is coupled to the oil's temperature through the E ជ · J ជ dissipation term in Eq. ͑42͒, where J ជ = ͑ p p − n n − e e − np np ͒E ជ is the total current density. This term reflects the electrical power dissipation or Joule heating that takes place in the oil as a result of the motion of free charge carriers under the influence of the local electric field. Parameters ⑀ 1 , k T , c v , and l are the oil's permittivity ͑2.2⑀ 0 ͒, thermal conductivity ͑0.13 W m −1 K −1 ͒, specific heat ͑1.7ϫ 10 3 J kg −1 K −1 ͒, and mass density ͑880 kg/ m 3 ͒, respectively, and these values are representative for transformer oil. In the time scales of interest for streamer formation, which is nanoseconds to microseconds, the oil's velocity is negligible such that no effects of fluid convection are included in Eqs. ͑38͒-͑42͒.
The boundary conditions applied to the streamer model of Eqs. ͑37͒-͑42͒ are as follows:
• Gauss' law equation (37) . The sharp needle electrode is set to a 300 kV step voltage at t = 0 with respect to the grounded large sphere. The symmetry z axis and the top, bottom, and side insulating walls have the boundary condition of zero normal electric field components ͑i.e., n ជ · E ជ =0͒.
• Charge transport continuity equations (38)-(41).
The electrode boundary conditions along the outer insulating boundaries are −n ជ · J ជ = 0. In addition, the necessary boundary condition at the electrodes is n ជ · ٌ =0.
• Thermal equation (42) . All boundaries are set to zero inward normal thermal diffusive flux ͓i.e., n ជ · ͑−k T ٌ T͒ =0͔, making the approximation that the system is adiabatic on the time scales of interest.
The mathematical model described by the set of equations above is solved numerically using the finite element method software package COMSOL MULTIPHYSICS. 11 The setup corresponds to the needle-sphere electrode geometry, as shown in Fig. 7 and detailed in the IEC 60897 standard. 24 The axial distance between the needle electrode's tip and the spherical electrode is 25 mm. The radius of curvature of the Application of the 300 kV step voltage to the needle electrode creates a nonuniform Laplacian electric field distribution at t =0 + with a large field enhancement near the sharp needle tip as shown in the 2D electric field magnitude surface distribution plot of Fig. 8 . Due to the nonuniform field enhancement near the needle tip, the main activity and dynamics of the electric field dependent charge generation and recombination terms on the right-hand sides of Eqs. ͑38͒-͑41͒ at times immediately after zero are localized in the needle tip region.
B. Electron mobility
Transformer oil is not a pure liquid hydrocarbon, but is a mixture of many different naphthenic, paraffinic, and aromatic molecules with a complex molecular structure. It is this feature of transformer oil that makes it difficult to characterize many parameters, such as electron mobility. The electron mobility in transformer oil, to the author's best knowledge, has not been well characterized. This is partially due to the reason stated above, as well as the varying sources, types, and distributors of transformer oil. In this work, an educated estimate has been made on the electron mobility in transformer oil based on the logarithmic average of the electron mobility of common saturated hydrocarbons. Generally, the electron mobility in these liquids range from 1 ϫ 10 
C. Recombination and electron attachment
The Langevin-Debye relationship is used to model ionion R pn and ion-electron R pe recombination rates in the transformer oil. 21, 25 According to the Langevin-Debye relationship, the recombination rates can be expressed as
The ion-electron recombination rate of Eq. ͑48͒ is overestimated because the Langevin-Debye relationship is diffusion limited and is valid for situations where the electric field levels are low to moderate and the recombining species are of similar physical scale. 25 It has been shown that this recombination model overestimates the rate of ion-electron recombination in liquids at low to moderate electric field levels. 26, 27 To compensate for the reduction in the recombination cross section caused by high electric field levels, some authors used the Langevin-Debye recombination term for ion-ion recombination to model ion-electron recombination. 28 This approach effectively compensates for the reduction in the recombination cross-section by reducing the apparent electron mobility. Using the respective value for each variable ͑i.e., ion mobilities equal to 1 ϫ 10 −9 m 2 V −1 s −1 ͒ the recombination rates are R pn = R pe = 1.64ϫ 10 −17 m 3 / s. In addition to recombination, electrons also combine with neutral molecules to form negative ions. This process is modeled as an electron attachment time constant, a = 200 ns. 8, 28 
D. Charge generation via field ionization
Electric field dependent ionization, also known as field ionization, is a direct ionization mechanism, where an extremely high electric field level results in the elevation of a valence band electron in a neutral molecule to the conduction band, thus generating both a free electron and positive ion. Field ionization as a free charge carrier generation source in dielectric liquids, such as transformer oil, has often been discussed in literature from a qualitative standpoint. [29] [30] [31] [32] [33] In 1969, Halpern and Gomer 34 showed the existence of field ionization as a free charge carrier generation mechanism in cryogenic liquids. Their work spurred other researchers to experimentally validate field ionization in other insulating liquids. [35] [36] [37] The development of a model that describes the process of field ionization in dielectric liquids, such as transformer oil, is challenging due to the lack of a comprehensive liquidstate theory. Consequently, the literature contains very few publications that propose liquid-phase field ionization models. The models that do exist are often based on Zener's theory of electron tunneling in solids. 38 In their ground breaking work, Devins, Rzad, and Schwabe 30 applied the Zener model to dielectric liquids to explain streamer propagation. From their qualitative analysis, they extrapolated that the rate of field ionization in a liquid is proportional to the liquid's density and inversely proportional to the ionization potential of the liquid molecule. In this work, the field ionization charge density rate is also based upon the Zener model and has the form
where a is the molecular separation distance, h is Planck's constant, m * is the effective electron mass, n 0 is the number density of ionizable species, and ⌬ is the liquid-phase ionization potential. The major difficulty in trying to apply Eq. ͑49͒ to transformer oil is determining correct parameter values. Many commonly used dielectric liquids, such as transformer oil, are comprised of numerous individual molecular species, each with unique number density, ionization potential, and mass that have very complex molecular structures. Also, values for molecular separation distance, effective electron mass, and ionization potential are not well characterized for molecules in the liquid state. In these cases, educated assumptions are made based upon known liquid-state characteristics and the chemical composition of the dielectric liquid of interest.
For example, a typical hydrocarbon liquid has a molecular number density of the order of 1 ϫ 10 27 -1ϫ 10 28 m −3 , of which only a small percentage are ionized. 39 The molecular separation distance is strictly a solid-state concept and is difficult to find an analogous measure in liquids; however, Qian et al. 28 stated that the molecular separation distance of water is 3.0ϫ 10 −10 m. Also from solid-state physics, the effective electron mass can be assumed from well characterized semiconductor materials where it generally ranges from 0.01m e to m e , where m e = 9.11ϫ 10 −31 kg is the free electron mass. In nonpolar liquids, scientists found that the effective electron mass can also be below m e . 40, 41 Lastly, the ionization potential of hydrocarbon liquids and gases primarily range from 9.6ϫ 10 −19 to 1.92ϫ 10 −18 J ͑6-12 eV͒. 22, 30, 42, 43 Table III summarizes the field ionization parameter values used in this work. The ionization potential ⌬ = 1.136ϫ 10 −18 J ͑7.1 eV͒ corresponds to the low ionization potential aromatic molecules, which are often found in trace amounts in transformer oil.
E. Modeling nanoparticle charging
The analytical solution for the charging dynamics of a perfectly conducting nanoparticle in a transformer oil-based NF is given by Eq. ͑13͒. In practical terms, modeling the charging dynamics of the nanoparticles is approximated by a nanoparticle attachment time constant np . As the electrons are captured by the nanoparticles, they are converted into slowly moving negatively charged carriers. The last term on the right-hand side of Eq. ͑40͒ accounts for the reduction in the free electron concentration due to nanoparticle charging, while the first term on the right-hand side of Eq. ͑41͒ accounts for the increase in the concentration of negatively charged nanoparticles.
When including nanoparticle charging in the electrodynamic model, it is necessary to account for the fact that there is an upper limit of free electrons that can be trapped by the nanoparticles. The nanoparticle charge density limit is np,sat = n np Q s , where n np is the number density of nanoparticles and Q s is given in Eq. ͑8͒. In Eqs. ͑40͒ and ͑41͒, the Heaviside function, H͑ np,sat − np ͒, is used to model this charging limit
Note that np and np,sat are both negative quantities. A reasonable value of np,sat = −500 C / m 3 was chosen, which correlates with a nanoparticle number density of n np Ϸ 2.7 ϫ 10 20 m −3 with Q s = −1.836ϫ 10 −18 C. The nanoparticle attachment time constant, np , is particularly important as it defines the time scale over which the nanoparticle charging takes place. The analysis presented in Sec. III D demonstrates that, in general, more conductive particles tend to charge faster, however there is an upper limit to the nanoparticle charging rate, as shown in Fig. 5 . A np value of 2 ns was chosen to approximate this upper charging limit due to the high conductivity of magnetite. Case studies for longer np values, such as 5 and 50 ns, will also be presented as they provide insight into how the streamer dynamics change for more insulating nanoparticle materials.
It is important that the value of np,sat that is used when modeling the electrodynamics in oil-based NFs be reasonable in order for the subsequent analysis to be valid. This value is derived from the nanoparticle charging analysis discussed in Sec. III D along with certain assumptions regarding the composition of the transformer oil-based NF. Assuming the magnetite nanoparticles have a radius of R = 5 nm and the diluted NF has a saturation magnetization of 0 but this assumes that the charging time is infinite. From Fig.  3 , the perfectly conducting nanoparticle has charged to slightly under 80% of its total charge by np = 2 ns. Therefore, np,sat is reduced from np,sat ϱ and is chosen to be −500 C / m 3 corresponding to = 1.5ϫ 10 −4 to model the finite charging time of highly conductive nanoparticles such as magnetite.
V. RESULTS AND DISCUSSION
The streamer model is modified for use in modeling the dynamics in transformer oil-based NFs by adding the extra nanoparticle attachment as the last term in the electron charge continuity equation of Eq. ͑40͒ and adding the nanoparticle charge continuity equation of Eq. ͑41͒. This nanoparticle attachment term models the trapping of free electrons onto nanoparticles in the NF. However, by setting the nanoparticle attachment time constant to np → ϱ the presence of perfectly insulating nanoparticles can also be studied. The np → ϱ simulation results give electric field dynamics ͑Fig. 9͒ that are identical to the pure oil case and confirms that insulating nanoparticles do not affect streamer propagation. The results also reveal that field ionization is a key contributor to the initiation and propagation of positive streamers in dielectric liquids.
The electric field distribution dynamics, shown in Fig.  9͑a͒ , predicted by the model at 0.1 s intervals from t = 0.1 −1 s shows that the peak of the electric field propagates between the two electrodes over time as an ionizing electric field wave. As the electric field wave propagates through the oil, it ionizes the molecules, producing positive ions and electrons. As stated earlier, the electrons, which are highly mobile when compared to the slow positive ions, are quickly swept back towards the needle anode leaving a net positive space charge peak ͓Fig. 9͑b͔͒ that occurs at the same position as the electric field peak. The motion of free charge carriers, especially the mobile electrons, results in Joule heating that raises the temperature of the oil ͓Fig. 9͑c͔͒ as the wave propagates.
A. Electric field dynamics
For nanoparticles made of conducting materials, whether poorly or perfectly conducting, the temporal dynamics will differ from those of Fig. 9 . In Fig. 10 , the electric field dis- tributions along the needle-sphere electrode axis are plotted for the cases, where np = 2, 5, and 50 ns plus the pure oil case. The streamer propagation velocity for each of the three NFs is slower than that of pure transformer oil. This result reinforces the results of Segal et al. 2 in Table I , that the presence of conductive nanoparticles in transformer oil reduces positive streamer propagation velocity. Also, Fig. 10 shows that the most significant reduction in propagation velocity occurs in the NF with np = 2 ns. This charging time constant represents the limiting case for highly conductive nanoparticles, such as those manufactured from the magnetite.
The velocity of the electric field wave generated by the np = 2 ns NF model case study after 1 s is about 36% slower than the velocity of the electric field wave generated in pure oil. 9 This result is extremely significant as it confirms that the presence of conductive nanoparticles in transformer oil would reduce the velocity of the electric field wave generated by field ionization in the liquid and thereby decrease streamer velocity. The model results in an average positive streamer velocity decrease from 1.65 km/ s in pure transformer oil to 1.05 km/ s in the NF. These velocities are extremely close to the average velocities obtained by Segal et al. 2 that are summarized in Table I . The electric field dynamics generated by the np = 5 and 50 ns case studies, shown in Fig. 10 , illustrate that for increased nanoparticle charging times, and therefore decreased nanoparticle conductivities, the differences between the electric field dynamics in the pure oil and the oil-based NF become less pronounced. This behavior shows that in order for nanoparticles to have an impact on the electric field dynamics in transformers, the nanoparticles have to trap electrons on the nanosecond time scale associated with the sweep out of electrons from the ionization zone at the streamer tip. This requires highly conductive nanoparticles. Figure 11 plots the positive ion, negative charged particles ͑negative ions plus nanoparticles͒, and electron density distributions along the needle-sphere electrode axis given by the solutions to the streamer model for the three NF case studies ͑ np = 2, 5, and 50 ns͒ and the pure oil case. These plots highlight the differences between the charge density dynamics in NFs and those in pure transformer oil, along with the differences that exist between NFs that are manufactured using nanoparticles with differing conductivities and permittivities that change the charge relaxation time constant r in Eq. ͑3͒ and the nanoparticle attachment time constant np . The charge density distributions given by the solutions to the NF case studies differ from those in pure oil. Figures  11͑b͒-11͑d͒ illustrate the rapid creation of negatively charged particles via the electron scavenging of conductive nanoparticles. This is in contrast with the pure oil case of Fig. 11͑a͒ , where the magnitude of the negative ion charge density distribution increases approximately linearly from the ionization zone towards the needle electrode tip as free electrons are trapped onto neutral molecules. In contrast, for transformer oil with conductive nanoparticles, the negatively charged particle density rises rapidly at first due to the trapping of electrons onto nanoparticles. Afterward, as the nanoparticle saturation limit of np,sat = −500 C / m 3 is reached, the negatively charged particle density transitions to a more gradual increase, which is attributed once again to the trapping of electrons onto neutral molecules creating negative ions.
B. Charge density dynamics
The effectiveness of the NF comprised of magnetite nanoparticles, where np = 2 ns, to trap electrons is illustrated and labeled in Fig. 11͑b͒ . Unlike the pure oil case, the magnitude of the negatively charged particle density rises rapidly at first, thereby significantly decreasing the electron density. Afterward, it transitions to a more gradual increase after the NF charge density saturation is reached. Due to the efficient trapping of the fast electrons by the low mobility nanoparticles, the development of a net space charge zone at the streamer tip is hindered, suppressing the propagating electric field wave that drives field ionization. This behavior results in a major reduction in the velocity of the electric field wave for the NFs compared to the pure oil case, as seen in Fig. 10 .
In the previous section it was shown that in order for nanoparticles to have a major affect on the electrodynamics involved in streamer propagation, the nanoparticles must be able to trap electrons before they escape from the ionization zone at the streamer tip, where they are generated. Interestingly though, even if the nanoparticle attachment time constant is longer than the electron sweep out time, the electrodynamics may still differ from the pure oil. This is because any additional generation of negatively charged nanoparticles at the expense of electrons above the normal level ͑i.e., pure oil without nanoparticles͒ results in an increased potential drop in the streamer tail. In turn, this will starve the streamer tip of driving potential, ultimately resulting in the streamer slowing or even stopping.
For example, in Fig. 11͑d͒ the significantly longer attachment time constant of np = 50 ns results in a different type of nanoparticle charging dynamic. The processes of electron generation and sweep out in the ionization zone occur as they would in pure oil, with the subsequent nanoparticle electron attachment resembling a faster version of the electron attachment to neutral molecules, which occurs in pure oil. The maximum magnitude of the electron charge density distribution in the ionization zone is not reduced by nanoparticle charge attachment, rather the attachment modifies the electron charge density distribution in the streamer body where its magnitude value is higher than compared to the pure oil case. The reduced electron number density and subsequently higher number density of slow negatively charged nanoparticles in the streamer body results in a lower tail conductivity. Figure 12 plots the potential distributions along the needle-sphere electrode axis given by the solutions to the field ionization model for the three NFs case studies and the pure transformer oil case, at t =1 s after the application of the 300 kV step voltage excitation. The key observation is that the potential drop per unit distance in the region corresponding to the streamer channel is greater for each of the NF case studies than it is in the case of pure oil. This result reinforces the argument in Sec. V B that even for NFs manufactured with insulating nanoparticles, such as the np = 5 and 50 ns cases, the electrodynamics is still altered due to the slower scavenging of electrons by the nanoparticles in the streamer tail, which is to the left of the knee where the slope changes dramatically in each electric potential plot of Fig.  12 , and hence the decrease in tail conductivity.
C. Electric potential
It is important to bear in mind that any electron attachment onto nanoparticles in the oil-based NF results in the reduction of highly mobile electrons and the generation of low mobility negatively charged nanoparticles. This process reduces the electrical conductivity and increases the potential drop along the streamer channel in an oil-based NF when compared to that in pure oil. This greater potential drop in the channel of a streamer in a NF means that for a given streamer length, less potential is seen at the leading tip of the streamer in a NF than in pure oil. Therefore, the level of ionization at the tip of a streamer in a NF is less than that at the tip of a streamer in pure oil, which ultimately translates into slower streamer propagation velocity in the NF.
VI. CONCLUSION
This paper develops a theory to explain the differences observed between the electrical breakdown characteristics of transformer oil and transformer oil-based NFs. A general expression for the charging of nanoparticles in a dielectric liquid is presented and it is shown that the charge relaxation time constant r and the charging time constant pc from Eqs. ͑3͒ and ͑12͒ of conductive nanoparticles, such as magnetite ͑ r = 7.47ϫ 10 −14 s, pc = 7.79ϫ 10 −10 s͒, in transformer oil are much faster than the microsecond time scale involved in streamer development in transformer oil. Therefore, for the purposes of streamer analysis, assuming approximately infinite conductivity for conductive magnetite nanoparticles is justified.
Using the generalized analysis of the charging dynamics for finitely conducting nanoparticles, a complete electrodynamic model is developed. The simulation study shows that the significant dynamics in the electric field and thermal enhancement in highly electrically stressed NF are due to field ionization just as in transformer oil. However, streamer propagation is hindered because the charging of slow conductive nanoparticles by electrons in the ionization zone changes fast electrons into slow negatively charged nanoparticles that modifies the electrodynamics in the oil and slows the propagation of positive streamers.
The implications of these results are substantial as they indicate that the voltage withstand performance of transformer oil can be enhanced by the addition of conducting nanoparticles to the oil. Throughout this paper, the NF analysis has considered NFs manufactured using magnetite. This focus stems from the fact that magnetite was the original material used by researchers to manufacture the NFs studied in Refs. 1-7. However, the results of the analysis of streamer development in NFs shows that the key requirement for the nanoparticle material is that it be highly conductive, which is contrary to the common sense conventional wisdom regarding the insulating performance of dielectric liquid like transformer oil. FIG. 12. Electric potential distribution along the needle-sphere electrode axis at t =1 s given by the solution of the NF field ionization case studies and the equivalent solution in pure oil. The needle tip is at z = 0 and the streamer tail is to the left of the knee, where the slope changes dramatically, in each electric potential plot. The location of the streamer tip is at the knee in each electric potential plot.
